The dependence of charges accumulated on a quantum dot under an external voltage bias is studied. The charge is sensitive to the changes of number of filled levels and the number of conducting levels ͑channels͒. We clarify that there are two possible outcomes of applying a bias. ͑a͒ The number of conducting channels increases, but the number of filled levels decreases. ͑b͒ The number of filled levels increases or does not change while the number of conducting channels ͑levels͒ increases with the bias. In case ͑b͒, charges are generally expected to increase monotonically with the applied bias. We show, however, that this expectation may not materialize when the electron transmission coefficients depend on bias. Numerical evidences and a theoretical explanation of this negative differential capacitance, i.e., charges accumulated on a quantum dot decrease with applied bias, are presented. The capacitance of a quantum dot ͑QD͒ has been the subject of many studies.
The capacitance of a quantum dot ͑QD͒ has been the subject of many studies. 1, 2 This is largely due to the fact that classical results derived from a macroscopic system are not applicable to a system of nanometer scale at which electron levels are discrete and the density of state is finite. So far, most studies have been on modifications of classical capacitance due to the finite density of states and electron tunneling, such as fluctuation of differential capacitance with respect to the gate voltage. 3 However the nonlinear chargevoltage characteristics 4, 5 has been less studied. A QD can be viewed as a potential well which is capable of accommodating electrons. Figure 1 is a schematic diagram of a QD connected to two external leads. The two leads can have different electrochemical potentials, and their difference is called the external bias on the dot. At nonzero bias, a tunneling current may pass through the QD while the electric charges on the QD can also vary with bias. There are three possible ways of applying a bias. Without losing generality, let us assume the electrochemical potential of the left lead L is no less than that of right lead R , i.e., L у R . The first way is to raise L while one keeps R unchanged as shown in Fig. 1͑b͒ . The dashed line is electrochemical potentials of two leads at zero bias. The second way is to lower R , but L does not change. This is shown in Fig. 1͑c͒ . The third way is to raise L and to lower R simultaneously as shown in Fig. 1͑d͒ . Experimentally, all three ways described in Fig. 1 can be realized easily by controlling the gate voltage of the QD. Here we shall be interested in how the charge Q(V) on the QD change with the bias V. Intuitively, the behavior Q(V) depends on how a bias V is applied.
An electron on the dot must occupy on one energy level. At zero temperature, there are three types of energy levels. One is the empty levels on which there are no electrons. They are the levels above L . The second type is the filled levels below R . The third type is conducting levels ͑chan-nels͒ which are between R and L , and are partially filled by electrons. In the case of Fig. 1͑b͒ , as the external bias increases, the number of conducting channels increases while the number of filled levels does not change. Thus, Q(V) is expected to increase monotonically with V because more and more empty energy levels can accommodate electrons. Similarly, one will expect the charge to decrease with bias in the case of Fig. 1͑c͒ . The charge can either increase or decrease with bias in the third case.
In this paper, we shall concentrate on the first case as illustrated in Fig. 1͑b͒ . Contrary to the above expectation, we will show that Q(V) can decrease with increasing bias. This behavior will be called negative differential capacitance
The electron transport of a quantum dot ͑QD͒ at nanometer scale is a many-body problem since the electron-electron interaction in such a system is usually larger than or comparable to the other energy scales such as the typical level spacing and the thermal energy. It is well known that the Coulomb blockade 6-10 effect can play an important role in electron transport when the couplings between a QD and external leads are weak. We shall use a self-consistent meanfield theory that has been proved 11 to be effective in treating the nonlinear electron transport of a correlated system. where H 0 is the single-particle Hamiltonian of the system. a i,m; and a i,m; ϩ are the annihilation and creation operators, respectively. ϭ↑,↓ is the spin index. The terms containing U describe the electron-electron interactions inside the dot. H 0 will be taken as the tight-binding Hamiltonian. On-site energies in the left, the right, and the auxiliary leads 12 The potential barriers between the leads and the QD are introduced by assigning
To simulate the case shown in Fig. 1͑b͒ , on-site energies on the QD wires are set to
Under the Hartree-Fock approximation, one can obtain an effective single-particle Hamiltonian with the Green's function G eff (E)ϭ͓EϪH eff ϩi͔ Ϫ1 . The electrochemical potential A can be obtained from the condition that the net current flow into the auxiliary lead is zero. At Tϭ0, this is,
where T ␤←␣ , which can be calculated by using a transfer matrix formalism, 13, 14 is the transmission coefficients from lead ␣ to lead ␤. Then, the charge accumulated inside the QD can be found by vs bias. Here we use t as the unit of energy. We found that the charge increases with bias for a small bias while it decreases for bias in the range of ͓0.75t/e,1.10t/e͔. An electron in a QD must stay in an electron level. At zero temperature, there are three types of electron levels. The first type is empty levels whose energies are above the electrochemical potential L . The second type is those levels between R and L . They are conducting channels partially occupied by electrons. The last type is below R . They are fully filled by electrons. In our model, the external bias can modify the potential well of the QD. Thus, it will also change the relative positions of an energy level. Even without going into the detail of a model calculation, one can see two possible ways of decreasing charge on a QD as the bias increases. One is that the number of second and the third type of electron levels decreases as the bias changes. The other is that charge on second type of levels decreases with the bias although the number of such levels does not change.
In order to understand the origin of the negative differential capacitance ͑NDC͒ observed in our calculation, we examined the movement of electron levels in the bias range of NDC. Figure 2͑b͒ shows the numerical results of transmission coefficient T R←L under bias of 0.75t/e, 0.95t/e, and 1.10t/e. The peaks of T R←L correspond to the electron levels in QD. In Fig. 2͑b͒ , Eϭ0 corresponds to the band bottom of the right lead. The absence of peaks below Eϭ1 is because, according to our model, no allowed states exist in the left lead in the energy range of ͓0t/e,Vt/e͔. At Tϭ0, the third type of energy levels, which are fully occupied, are in the range ͓0,2t͔. The conducting channels are the range of ͓2t,Vϭ2t͔. The electron level corresponding to the peaks inside the dashed-line box of Fig. 2͑b͒ coverts itself from a fully occupied level to a partially occupied conducting channel sometime as the bias increases from 0.75t/e to 0.85t/e. This may explain partially the NDC in the range of ͓0.75t/e,0.85t/e͔. However, both the numbers of fully occupied levels and partially occupied conducting channels do not change in the NDC region of ͓0.85t/e,1.10t/e͔. This shows that the NDC cannot originate from the disappearance of an electron level that can accommodate electrons, but must be due to the second possible mechanism mentioned in the previous paragraph.
We have shown numerically that charges on a QD can decrease with increasing bias when no new electron level leaves or merges with conducting channels. In order to understand the mechanism behind this negative differential capacitance, we consider sequential tunneling of a QD with only one conducting channel of energy ⑀ ( L Ͼ⑀Ͼ R ), as schematically illustrated in Fig. 3 . Let us assume the electron tunneling rates from the QD to the left lead and the right lead to be ⌫ L and ⌫ R , respectively. In the sequential tunneling region, we can ignore the coherent transmission, and the current from the left lead to the dot is
Similarly, the current from the dot to the right lead can be written as
f L and f R are the Fermi-Dirac distribution of electrons with energy ⑀ in the left and right leads, respectively. f r is the electron occupation probability in the level ⑀. The factor 2 in the above equations accounts for the spin degeneracy. From the continuity of tunneling current, one has
Thus, from Eq. ͑7͒, the charge in the level is given by
which depends on the tunneling rates between the dot and the leads. In general, an external bias can modify not only the barrier shape, but also can induce level shifts. It is well known that the tunneling rates for a weakly coupled QD can fluctuate wildly from level to level, and with variation in an external parameter such as a magnetic field. 16 The reason is that the tunneling rates are related to the overlap of wave functions which, in turn, is sensitive to external parameters. One should then expect that a variation in bias can also change the values of the tunneling rates. For a specific level, according to Eq. ͑8͒, it is easy to see that the charge accumulated in the level will decrease with increasing bias as long as ⌫ L /⌫ R decrease with bias. For a real system, many levels may accommodate electrons. The charge in some of these levels may increase with bias while that in the others may decrease. The actual bias dependence of the total charge on the QD should be the average of the two behaviors. Thus, the NDC due to this mechanism is most likely to be found for small systems where only a few levels are important. Before ending the paper, we would like to make two remarks. ͑i͒ The phenomenon of the negative differential capacitance ͑NDC͒ may be important in nanodevice applications. Similar to negative differential resistance, a NDC can also cause instability in electron transport. It may cause the current temporal self-oscillation in superlattices. 17 ͑ii͒ Indeed, the negative differential capacitance discussed here may have already been observed in some recent experiments. 18 In summary, we have presented numerical evidence of a NDC in a QD. We found that the NDC can occur in a QD as long as not too many levels contribute to electron transport. We show that this NDC can be understood from the bias dependence of the electron tunneling rates in a weakly coupled QD.
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